Introduction {#Sec1}
============

This article is motivated by a variety of applications, in which a sample of symmetric tensors is available along with a few scalar variables of interest. Analogous to rows and columns of a matrix, various axes of a tensor are known as tensor modes and the indices of a tensor mode are often referred to as "tensor nodes". A tensor is known to be symmetric if interchanging modes results in the same tensor. Entries in a tensor are known as "tensor cells". In our motivating applications, each sample point is represented by its own symmetric tensor, and the tensor nodes are labeled and shared across all sample points through a registration process. The goals of such scientific applications are two fold. First, it is important to build a predictive model to assess the change of the symmetric tensor response as the predictors of interest vary. A more important scientific goal becomes identifying nodes of the symmetric tensor significantly impacted by each predictor.

Although there is a gamut of applications involving symmetric tensors, our work is specifically motivated by scientific applications pertaining to brain connectomics. In such applications the dataset contains brain network information along with a few observable phenotypes (e.g., IQ, presence or absence of any neuronal disorder, age) for multiple subjects. Brain network information for each subject is encoded within a symmetric matrix of dimension $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$V\times V$$\end{document}$, with *V* as the number of regions of interest (ROI) a human brain is parceled into following a popular brain atlas. The (*k*, *l*)th cell of the matrix consists of the number of neuron connections between the *k*-th and *l*-th regions of interest (ROI). Thus, each mode of this symmetric matrix (when viewed as a 2-D symmetric tensor) consists of *V* nodes ($\documentclass[12pt]{minimal}
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                \begin{document}$$V=68$$\end{document}$ when Desikan-Killany brain atlas is followed \[[@CR1]\]), each corresponding to a specific ROI in the human brain. The most important scientific goal here boils down to making inference on brain regions of interest (ROIs) and their inter-connections significantly associated with each phenotypic predictor \[[@CR9]\].

One approach is to vectorize the symmetric tensor and cast the modeling problem as a high dimensional multivariate reduced rank sparse regression framework with the vectorized tensor response and scalar predictors. There are adequate literature on frequentist penalized optimization \[[@CR15]\], as well as on Bayesian shrinkage \[[@CR2]\] which deal with model fitting and computational issues with high dimensional multivariate reduced rank regression models. Although computationally efficient, these approaches treat the cells of the symmetric tensor coefficients as if they were fully exchangeable, ignoring the fact that coefficients that involve common tensor nodes can be expected to be correlated a priori. Ignoring this correlation may appear to be detrimental in terms of model performance. Additionally, such modeling framework does not directly lead to the identification of nodes significantly associated with each predictor.

We develop a symmetric tensor response regression model with a symmetric tensor response and scalar predictors. The symmetric tensor coefficients corresponding to each predictor in this regression is assigned a novel Bayesian shrinkage prior that combines ideas from low-rank parallel factor (PARAFAC) decomposition methods, spike-and-slab priors and Bayesian high dimensional regularization techniques to generate a model that respects the tensor structure of the response. These structures are introduced to achieve several inferential goals simultaneously. The low-rank structure is primarily assumed to capture the interactions between different pairs of tensor nodes, the node-wise sparsity offers inference on various tensor nodes significantly associated with a predictor. The Bayesian regularization structure allows appropriate shrinkage of unimportant cell coefficients towards zero while minimally shrinking the important cell coefficients. All structures jointly achieve parsimony and deliver accurate characterization of uncertainty for estimating parameters and identifying significant tensor nodes. The proposed approach finds excellent synergy with the recent literature on bilinear relational data models \[[@CR4], [@CR7]\], multiway regression models \[[@CR6]\] and other object oriented regression models \[[@CR3]\], where low-rank and/or regularization structures are imposed on parameters.

The proposed framework is similar to but distinct from the recent developments in high dimensional regressions with multidimensional arrays (tensors) and other object oriented data. For example, recent literature that builds regression models with a scalar response and tensor predictors \[[@CR6]\] is less appealing in this context, since it does not incorporate the symmetry constraint in the tensor. In the same vein, \[[@CR5]\] formulate a Bayesian tensor response regression approach that is built upon a novel multiway stick breaking shrinkage prior on the tensor coefficients. While \[[@CR5]\] is able to identify important tensor cells, it does not allow detection of tensor nodes influenced by a predictor. Moreover, these approaches have not been extended to accommodate scenarios other than a tensor response with continuous cell entries and do not directly incorporate the symmetry constraint in the tensor coefficient corresponding to a predictor. Also, unlike these approaches, our approach does not assume a low-rank representation of tensor coefficients; hence allowing more flexible structure to analyze impact of the predictors on tensor cells and interaction between tensor nodes. A work closely related to our framework develops shrinkage priors in a regression framework with a scalar response and an undirected network predictor, expressed in the form of a symmetric matrix \[[@CR3]\]. However, they treat the tensor as a predictor, whereas we treat it as a response. This difference in the modeling approach leads to a different focus and interpretation. The symmetric tensor predictor regression focuses on understanding the change of a scalar response as the symmetric tensor predictor varies, while regression with symmetric tensor response aims to study the change of the symmetric tensor as the predictors vary.

Rest of the article flows as follows. In Sect. [2](#Sec2){ref-type="sec"} the model and prior distributions on parameters are introduced. Section [2](#Sec2){ref-type="sec"} also briefly discusses posterior computation, where as Sect. [3](#Sec5){ref-type="sec"} presents simulation studies to validate our approach. Finally, Sect. [4](#Sec8){ref-type="sec"} concludes the article with an eye to the future work.

Model Development and Posterior Computation {#Sec2}
===========================================

Model and Prior Distributions {#Sec3}
-----------------------------

For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i=1,...,n$$\end{document}$, let $\documentclass[12pt]{minimal}
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                \begin{document}$$ {\varvec{y}} _{i}=((y_{i,(k_1,...,k_D)}))_{k_1,...,k_D=1}^{V}\in \mathcal {Y}\subseteq \mathbb {R}^{V\times \cdots \times V}$$\end{document}$ denote the D-way symmetric tensor response with dummy diagonal entries and $\documentclass[12pt]{minimal}
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                \begin{document}$$ {\varvec{z}} _i=(z_{i1},...,z_{ip})'$$\end{document}$ be *p* predictors of interest corresponding to the *i*th individual. The symmetric constraint in the tensor response implies $\documentclass[12pt]{minimal}
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                \begin{document}$$\{k_1,...,k_D\}$$\end{document}$. Due to the diagonal entries being dummies in the symmetric tensor response, it is enough to build a probabilistic model for $\documentclass[12pt]{minimal}
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                \begin{document}$$y_{i, {\varvec{k}} }\in \mathbb {R}$$\end{document}$ and propose$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} y_{i, {\varvec{k}} } =\gamma _0+\varGamma _{1, {\varvec{k}} }z_{i1}+\cdots +\varGamma _{p, {\varvec{k}} }z_{ip}+\epsilon _{i, {\varvec{k}} },\,\epsilon _{i, {\varvec{k}} }{\mathop {\sim }\limits ^{iid}} N(0,\sigma ^2), \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$ {\varvec{\varGamma }} _1,..., {\varvec{\varGamma }} _p$$\end{document}$ with dummy diagonal entries, respectively. Here $\documentclass[12pt]{minimal}
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                \begin{document}$$\gamma _0\in \mathbb {R}$$\end{document}$ is the intercept in the regression model ([4](#Equ4){ref-type=""}).

To account for association between the tensor response $\documentclass[12pt]{minimal}
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                \begin{document}$$ {\varvec{y}} $$\end{document}$ and predictors $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$z_1,...,z_p$$\end{document}$, we propose a *shrinkage prior* distribution on $\documentclass[12pt]{minimal}
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                \begin{document}$$ {\varvec{\varGamma }} _s$$\end{document}$ is centered on a rank-R PARAFAC \[[@CR10]\] decomposed tensor. The PARAFAC or parallel factor decomposition is a multiway analogue to the two-dimensional factor modeling of matrices. In particular it provides a low-rank structure to the mean function of $\documentclass[12pt]{minimal}
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                \begin{document}$$ {\varvec{\varGamma }} _s$$\end{document}$ directly \[[@CR6]\]. In contrast, the prior distribution in ([2](#Equ2){ref-type=""}) centers on a low-rank PARAFAC/CP representation \[[@CR10]\], precluding any additional imposition of a low-rank structure on $\documentclass[12pt]{minimal}
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                \begin{document}$$\kappa _{s, {\varvec{k}} }$$\end{document}$ is the scale parameter corresponding to each $\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda _{s,r}=0$$\end{document}$ implies that the *r*-th summand of the low-rank factorization is not informative to predict the response.

To develop a data dependent learning of nonzero $\documentclass[12pt]{minimal}
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Posterior Computation {#Sec4}
---------------------

Although summaries of the posterior distribution cannot be computed in closed form, full conditional distributions for all the parameters are available and correspond, in most cases, to standard families. Thus, posterior computation can proceed through a Markov chain Monte Carlo algorithm. Details of the Markov chain Monte Carlo algorithm with the conditional posterior distributions are provided in the Appendix. We run the MCMC chain for 15000 iterations. With the first 5000 as burn-ins, the posterior inference is drawn on the $\documentclass[12pt]{minimal}
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Simulation Studies {#Sec5}
==================

Simulation Settings {#Sec6}
-------------------

This article illustrates the performance of our proposed approach referred to as the symmetric tensor regression (STR) along with some of its competitors under various simulation scenarios. In fitting our model, we fix the hyper-parameters at $\documentclass[12pt]{minimal}
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*[Simulation 2]{.ul}*

Under Simulation 2, we first simulate node specific latent variables, similar to Simulation 1. If either of $\documentclass[12pt]{minimal}
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We compare the three competitors in terms of their accuracy of estimating $\documentclass[12pt]{minimal}
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Simulation Results {#Sec7}
------------------

Scaled MSE, coverage and length of 95% CI for all competitors are presented under Simulations 1 and 2 in Tables [2](#Tab2){ref-type="table"} and [3](#Tab3){ref-type="table"}, respectively. With no model mis-specification under Simulation 1, STR is showing significantly better performance than LS and HOLRR under all four cases. The low-rank structure of HOLRR facilitates its superior performance over LS for larger *V*/*n* ratio. However, as *V*/*n* ratio increases, HOLRR loses its edge over LS. All three competitors show over-coverage under Simulation 1, with STR producing substantially narrower credible intervals. Moreover, for a fixed *n*, the credible intervals tend to be more narrow with increasing *V* for all competitors.

Even under model mis-specification in Simulation 2, STR outperforms all competitors in cases with smaller *V* and higher node sparsity (Cases 1 and 3), as seen in Table [3](#Tab3){ref-type="table"}. However, with a larger *V* in case 2, LS and STR are competitive to each other. Since HOLRR is constructed on variants of sparsity within low-rank principle, it loses edge over LS in terms of MSE in these cases. Comparing MSE of STR between cases 3 and 4, we find that MSE increases as the node sparsity decreases. Similarly, comparing Cases 1 and 3 reveals adverse effect of decreasing cell sparsity on MSE of STR. It is generally found that the effect of node sparsity is more profound than the effect of cell sparsity on the performance.Table 2.Mean Squared Error (MSE), average coverage and average length of 95% credible interval for STR, LS and HOLRR are presented for cases under Simulation 1, with the lowest MSE in each case is boldfaced.CaseCompetitorsSGTMLSHOLRR1MSE $\documentclass[12pt]{minimal}
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Moving onto uncertainty characterization, STR shows close to nominal coverage along with its competitors in cases 1, 2 and 4 when *V* is small. With increasing *V*, coverage of STR and HOLRR drops below 0.90. Similar to Simulation 1, STR demonstrates sufficiently narrower credible intervals than HOLRR in all cases. LS offers over-coverage with much wider 95% credible intervals in all cases.

Since LS and HOLRR are not designed to detect nodes significantly related to the predictor, we focus our inference on STR for node detection. To this end, we choose three cur-off values $\documentclass[12pt]{minimal}
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Conclusion and Future Work {#Sec8}
==========================

The overarching goal of this article is to propose a symmetric tensor regression framework with a symmetric tensor response and scalar predictors. The model is aimed at identifying tensor nodes significantly related to each scalar predictor. Unlike the existing approaches, the proposed framework does not assume any low-rank constraint on the symmetric tensor coefficients. Rather, we propose a tensor shrinkage prior which decomposes the symmetric tensor coefficients into low-rank and sparse components a priori. The low-rank component is further assigned a novel hierarchical mixture prior to enable identification of tensor nodes related to each predictor. The sparse component is equipped with Bayesian regularization or shrinkage priors to enable accurate estimation of tensor cell coefficients. Detailed simulation study with data generated under the true model and mis-specified model demonstrates superior performance of our approach compared to its competitors.

Although there is a considerable literature on theoretical understanding of Bayesian shrinkage priors in high dimensional regression, there is a limited literature on theoretical aspects of shrinkage prior on tensor coefficients. In future, we will focus on developing conditions for posterior consistency of the proposed approach under suitable conditions imposed on tensor shrinkage priors. It is also instructive to employ other shrinkage priors on $\documentclass[12pt]{minimal}
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Appendix {#Sec9}
========

The full conditional distributions of parameters for implementing the MCMC is given by following.
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